In order to exploit the potential applications of bulk metallic glasses (BMGs), it is essential to improve their ductility. In this study, we first performed a molecular dynamics (MD) simulation of the propagation of a shear band (SB) through a BMG plate, and analyzed the evolution of temperature and shear stress distributions in the plane of the SB. Using the MD simulation results and fracture mechanics, we then obtained the critical length of SBs, which potentially cause catastrophic propagation.
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[7~9]. Recently, F. Shimizu et al. studied the critical condition for yielding BMGs, and proposed that it corresponds to embryonic shear band (ESB) propagation [10] . They proposed that, for an ESB to propagate, far-field shear stress must exceed the quasi-steady-state glue traction  glue of shear-alienated glass until the glass transition temperature is reached internally due to frictional heating. At this point, the ESB matures as a runaway shear crack. The incubation length scale necessary for this maturation is estimated to be 0.1~1 m for Zr-based BMGs. However, even if melting occurred inside a SB and it turned into a crack, the length of the SB (or crack) must exceed a critical length to cause spontaneous growth, because according to fracture mechanics, energy release rate of crack controls the fracture, and not the initiation of the crack. In this study, we performed a molecular dynamics (MD) simulation of mode II deformation of a notched BMG plate. From this, we discuss the results in the light of fracture mechanics by assuming a SB in a BMG as a crack that includes a viscous fluid, and we estimate the critical SB length in a BMG under tension and compression.
The shifted Lennard-Jones (L-J) potential [11] , whose parameters were defined based on Inoue's three basic principles [2] to generate BMGs, was used in this study. A thin square plate with an amorphous structure, here we call BMG plate, was numerically produced by melting-rapid quenching MD simulations [11] subject to three dimensional periodic boundary conditions. The system contained elements a, b, and c [11] in 1:8:1 ratio was used.
In this analysis, a notched BMG plate was used, and a primary SB was forced to nucleate and propagate from the notch bottom (see Figure 1 ). By arranging three BMG plates in the x direction and two in the y direction, we obtained a large BMG plate of dimensions L x L y L z =3602441.8 nm, composed of about 5.6 million atoms.
The periodic boundary conditions in the x and y directions were removed, and a notch with length L c =50 nm and bottom radius R c =1 nm was introduced at the center of the left side of the BMG plate. The first step was then to allow relaxation for 60 ps under a constant temperature of 1 K. During the relaxation, the boundary atoms, i.e., those located within the cut-off distance of the interatomic potential (r c =0.768 nm) from the left, top, and bottom edges of the plate, are fixed along the x and y directions. After the relaxation, the boundary atoms in the upper and lower half of the left boundary are moved toward the right and left, respectively. During the first 2 ps of deformation, the shear displacement rate is accelerated linearly until a speed of v s =200 m/s is reached in order to 3 suppress the propagation of elastic waves. The temperature was estimated from a region of width 2 nm, and an intense temperature rise occurred at the notch bottom. However, this temperature rise decreased after t>400 ps, and then the high temperature region began to grow further. Figure 2 (c) shows the time evolution of the maximum temperature T max ahead of the notch bottom, obtained by the means of the MD simulation and the following theoretical estimation [12, 13] . By treating a SB as a heat source of zero thickness in an infinite medium, the temperature rise T at the center of the SB is expressed
where  f is the flow stress, v p is the plastic displacement rate in the plane of the SB,  is the density, C is the specific heat, K is the thermal conductivity, and t is the time elapsed from the beginning of shear banding. For this L-J system,  f =0.9 GPa, =3,700 kg/m 3 , C=462 J/(kg·K), and K=0.87 W/(m·K). The plastic displacement rate is v p~vs =200 m/s. Although the evolution of the maximum temperature obtained by the MD simulation is proportional to t 1/2 until t~400 ps, the actual value of the temperature is almost half of the theoretical prediction. This is due to the two-dimensional effect of the thermal diffusion as heat spreads along the SB, and due to the finite width of the SB. As stated above, the temperature rise becomes moderate compared to the curve proportional to t 1/2 after t~400 ps. The temperature at this point is about 0.75T g , where T g is the glass transition temperature (~1,400 K). Figure 2(d) shows the evolution of the shear stress distribution along the SB. The shear stress was estimated from the region where the temperature distribution was estimated in Fig. 2 
region ahead of the notch bottom. As the temperature rises, the shear stress decreases. However, the shear stress remains at 0.7 GPa throughout the entire simulation.
The displacement-controlled boundary conditions are used in this MD analysis. We see that if the shear displacement velocity v s is increased, the shear stress is also increased, and therefore, the temperature inside the SB can rise faster and reach a much higher temperature. It is considered that the temperature rises until the heat 4 generation in the SB and the heat diffusion from the SB are balanced. We define the temperature at which the temperature change becomes negligibly small as T f , and the shear stress at this condition as traction stress  t .
BMGs show Newtonian behavior in the high temperature range, and the viscosity  is about 0.01 Pa·s near the melting point [14, 15] . If we used a SB width w=20 nm [7] [8] [9] and shear displacement velocity 0.5v R ,
where v R is the velocity of a Rayleigh wave ~2,000 m/s for Zr-based BMGs, the traction stress  t is estimated to be ~0.5 GPa, and this value is the order of the external stress. In fact, the L-J system used here also yields very high shear stress (~0.3 GPa) even near the melting point (2,250 K) under such an extremely high strain rate
(d/dt=5×10 10 s -1 ).
We demonstrated that a high temperature region, perhaps even a liquid or a near-liquid region, definitely appears inside a running SB, and that this region grows further. Unfortunately, we cannot capture the entire shear banding process within the available time-and spatial-scale of the MD analysis. However, based on the MD results, the temperature and shear stress distributions in a running SB can be modeled, as shown in Fig. 3(a) . The shear stress far from the SB is small compared to the shear stress near the tip, and if the SB is sharp enough, the stress singularity corresponding to the crack appears. A plastic region exists at the leading part of the SB, where intense heating occurs, and shear stress decreases due to temperature rise. In the following part of the SB, the changes in the temperature and shear stress are considered enough small. For convenience, we call this region as the liquid region. For simplicity, we assume that the traction stress  t , the flow stress in the plastic region  f , and the shear displacement velocity along the SB v s are all constant, and we equivalence the SB as a Mode II crack that includes a viscous liquid, as shown in Fig. 3(b) . In the present modeling, we also take into account the propagation velocity of SB v g , because only propagating SB can generate liquid region inside the SB.
Spontaneous crack growth occurs when the energy release rate of a crack G exceeds the energy required to extend the crack per unit length. Here, we assume that the length of the plastic region ahead of the liquid region a p is constant during the extension of the SB. Under this assumption, since the amount of growth of the SB (or shear crack) agrees with the extension length of the liquid region, the condition for the unstable propagation of the SB is given by G= m , where  m is the energy required to melt a unit length of the shear banding region.
The energy release rate of a Mode II crack, which includes a viscous liquid, with finite growth velocity v g is expressed as follows [16, 17] :
(2)
Here, E' is equal to E=(1- 2 ), which is the under plane-strain, and E is under plane-stress condition, where E and  are Young's modulus and Poisson's ratio, respectively. K II_eff is the stress intensity factor, which considers the traction stress acting on the crack surface, and is expressed as
under constant traction stress. The energy release rate G decreases as both v s and v g increase.
On the other hand,  m is expressed as follows:
Here, t f is the time taken for the internal temperature to reach sufficiently close to T f , and it was estimated using Eq. (1). Since the temperature rise inside a SB is lower than that estimated by Eq. (1) (as shown in Fig. 2(c) ), Eq. 
Here,  s =v s /v R and  g =v g /v R , and D is a parameter with a length dimension that has a strong influence on the critical SB length, i.e., ductility. V is the ratio between the external stress  ∞ and the traction stress  t at v s =v R .
When the length of the liquid region exceeds a L_c and the SB begins to unstable growth, it is impossible to arrest this growth without a large stress gradient or inhomogeneity in the material's properties, and this structure would cause a catastrophic shear-banding fracture.
Because BMGs also generally include initial inhomogeneities such as stress concentration zones and 6 residual stresses, the external stress  ∞ is smaller than the flow stress  f . Moreover, we can reasonably assume that  t < ∞ and 0< s ≤ g <1. Under these conditions, a L_c has one minimum value a L_min with respect to  s (= g ), and a SB with a longer liquid region than a L_min could potentially cause catastrophic fracture. In order to retain the liquid region, the heat generation at the center of the SB due to viscous flow must be greater than the outward flow of heat. Therefore, the internal temperature T f , the width w of the SB, and the shear velocity v s are correlated in a non-trivial manner. Since the viscosity of BMGs is about 0.01 Pa·s at a temperature of around 2T g , and the decrease rate of the viscosity becomes smaller at a higher temperature [14] , we assume that T f =2T g and =0.01 Pa ·s. We also use w=20 nm,  f / ∞ =1.25, and T r =300 K. Using the typical physical values of a Zr-based BMG [2, 18, 19] : E=83.4 GPa, =0.37, =6,720 Kg/m 3 , K=10 W/(J·K), C=500 J/(kg·K), T g =657 K,  ∞ =0.89 GPa, and v R =2,000 m/s, we obtain a L_min =45 m when v s =v g =389 m/s. The heat generation in the plastic region ( m ) is estimated to be 316 J/m 2 , and this result agrees well with the lower bound estimate of 400 J/m 2 , reported by J. J.
Lewandowski et al. [6] . The BMG-samples with m size show large compressive plastic deformations [20] , and each shear displacement estimated from the serration observed in the stress-strain curves obtained from the compression, generated by one continuous slip, is shorter than ~8 m [12, 21] . These facts indicate that only SBs with length >a L_min propagate catastrophically.
Since delamination can occur at the trailing edge under tensile conditions, we neglect viscosity (V=0).
In this case, the temperature need not be raised until the viscosity  is sufficiently decreased, i.e., until the traction stress  t decreases. Therefore, if T f =T g is assumed, we can obtain a L_min =1.8 m when v s =v g =0.5v R . This length is approximately equal to the incubation length scale necessary for melting, which was estimated by F. Shimizu et al. [10] . Therefore, the initiation of the crack leads directly to unstable propagation when V=0. The differences in the yield stress and the shear angle between compression and tension tests are explained by the Mohr-Coulomb-type yield criterion of micro deformations [21] [22] [23] . We believe that the difference in a L_min between the cases with and without the viscosity effects also affects the difference in ductility. Recently, the tensile ductility and necking were also observed using BMG samples with dimensions of the order of 100 nm [24] , and this size is smaller than a L_min . 7 The length of the liquid region generated by a continuous slip must be maintained shorter than a L_c .
When the growth of the SB is stopped and the SB is cooled, although damages related to the free volume may linger [9] , the crack disappears. Here, we discuss how we can improve the ductility of BMGs by increasing the critical SB length a L_c . A larger value for the parameter D or V results in a larger value of a L_min . An effective approach to achieve this is, unfortunately, to decrease  ∞ by introducing inhomogeneities of the micro structure, because the  ∞ has a strong influence on D. Unlike  ∞ , other parameters cannot be changed drastically, because they are almost completely determined by the material's composition. It is important to note that although an increase in V contributes to an increase in a L_min , this approach may fail under loading conditions where delamination occurs in the trailing part of the SBs.
To prevent SB growth by inhomogeneities, such as crystalline particles, may also effective to improve the ductility of BMGs. In this approach, the spacing between inhomogeneities should be much less than a L_min . This is because once the unstable SBs are generated at the coarse spacing regions, the growth of the SBs cannot stop without the use of some mechanism capable of arresting running shear cracks.
In this study, we first analyzed the evolution of the temperature and shear stress distributions in the plane of the SB by means of MD simulation. The critical length of SBs that could potentially cause catastrophic propagation was then estimated. We also discussed the difference in ductility between compressive and tensile tests, and proposed a strategy to improve the ductility of BMGs. 
